Above the equality scale the galaxy bispectrum will be a key probe for measuring primordial non-Gaussianity which can help differentiate between different inflationary models and other theories of the early universe. On these scales a variety of relativistic effects come into play once the galaxy number-count fluctuation is projected onto our past lightcone. By decomposing the Fourier-space bispectrum into invariant multipoles about the observer's line of sight we examine in detail how the relativistic effects contribute to these. We show how to perform this decomposition analytically, which is significantly faster for subsequent computations. While all multipoles receive a contribution from the relativistic part, odd multipoles arising from the imaginary part of the bispectrum have no Newtonian contribution, making the odd multipoles a smoking gun for a relativistic signature in the bispectrum for single tracers. The dipole and the octopole are significant on equality scales and above where the Newtonian approximation breaks down. This breakdown is further signified by the fact that the even multipoles receive a significant correction on very large scales.
I. INTRODUCTION
The bispectrum will play a key role in future galaxy surveys as an important probe of large-scale structure and for measuring primordial non-Gaussianity and galaxy bias [1] [2] [3] . It can help discriminate between different inflationary models and other theories of the early universe, and contains information that is complementary and additional to what is contained in the power spectrum. On super-equality scales, a variety of relativistic effects come into play once the galaxy number-count fluctuation is projected onto the past light cone. These effects generate corrections to the Newtonian approximation at order O(H/k) and higher. Non-Gaussianity generated by these relativistic projection effects could closely mimic the signature of f NL on large scales which gives a correction in the halo bias O((H/k) 2 ), indicating the importance of precisely including all O(H/k) and higher effects in theoretical modelling. So far, a variety of relativistic effects in the galaxy Fourier bispectrum has been taken into account, see [4] [5] [6] [7] [8] [9] under the assumption of the plane parallel approximation, and neglecting integrated effects. Other groups are working on this from different angles and approaches, for example by a spherical-Fourier formalism [10] , and calculating the angular galaxy bispectrum [11, 12] . Crucially, we have shown that the relativistic part should be detectable in a survey like Euclid without resorting to the multi-tracer technique, which is needed for the power spectrum [9] .
Once an observable like the galaxy number-count fluctuation is projected onto the past lightcone the orientation of the triangle in the Fourier space bispectrum becomes important. Analogously to how the Legendre multipole expansion is used for power spectrum analysis, one can expand the galaxy bispectrum in spherical harmonics, thus isolating the different invariant multipoles with respect to the observer's line of sight n. We use the full spherical harmonics for the bispectrum rather than the Legendre polynomial expansion usually adopted for the power spectrum because of the azimuthal degrees of freedom associated with the orientation of the triangle with respect to the line of sight direction vector in Fourier space. In the power spectrum limit, there is only one angular degree of freedom after ensemble averaging. For the bispectrum, we have one angular and one azimuthal degree of freedom which when expanded in spherical harmonics leads to (2 + 1) independent harmonics for each multipole value .
This has been done for the Newtonian bispectrum, which generates non-zero multipoles only for even (up to = 8) due to redshift-space distortions [13, 14] . Contrary to the Newtonian bispectrum, the relativistic galaxy bispectrum generates non-zero multipoles for both even and odd up to = 8 and m = 6 where the odd multipoles are induced by the general relativistic effects only. This means that these multipoles are a crucial signature of relativistic projection effects. We provide an exact analytic formula for this multipole expansion of the galaxy bispectrum. Previously, we examined for the first time the dipole of the galaxy bispectrum in detail, showing that its amplitude can be more than 10% of that of the monopole even at equality scales [8] . By analysing the non-zero multipoles of the galaxy bispectrum both for a Euclid-like galaxy survey, and for an SKA-like HI intensity mapping survey, we show the behaviour of the higher multipoles and their corrections to the Newtonian bispectrum.
II. THE RELATIVISTIC BISPECTRUM
In Fourier space, the observed galaxy bispectrum B g at a fixed redshift z is given by [5, 6] ∆ g (z, k 1 )∆ g (z, k 2 )∆ g (z, k 3 ) = (2π) 3 
where ∆ g (z, k 1 ) is the number count contrast at redshift z (see [5] for the full expression). Here we work in the Poisson gauge; note that ∆ g = δ g + RSD + GR projection effects. Since redshift is fixed, in what follows we drop redshift dependence for brevity. Furthermore, since the observed direction n is fixed in what follows, the plane-parallel approximation is necessarily assumed. Then, at tree level, the following combinations of terms contribute,
Using Wick's theorem, this gives an expression for the galaxy bispectrum [5] 
where P is the power spectrum of δ
T , the first order dark matter density contrast in the total-matter gauge, which corresponds to an Eulerian frame. The first order kernel can be split into a Newtonian and a relativistic part as [15] 
with µ = k · n ( k = k/k), b 1 is the first-order Eulerian galaxy bias coefficient, f is the linear growth rate of matter perturbations, and redshift-dependent coefficients γ i are [15] ,
In equations (5) and (6), H is the conformal Hubble rate (ln a) , where a prime denotes a derivative with respect to conformal time; b e and Q are the galaxy evolution and magnification biases respectively, χ is the line-of-sight comoving distance and Ω m = Ω m0 (1 + z)H 2 0 /H 2 is the matter density parameter. At first order, the gauge-independent GR definition of galaxy bias is made in the common comoving frame of galaxies and matter,
where subscript C is for the comoving gauge. The bias relation in Poisson gauge is then
where v (1) is the velocity potential. This accounts for the first term on the right of equation (6) .
Similarly to the first order kernel, the second order kernel can be split into a Newtonian and a relativistic part. The second order part of the Newtonian kernel is well studied and is given as [13, [16] [17] [18] 
where µ i = k i · n, b 2 is the second-order Eulerian bias parameter, and b s 2 is the tidal bias. F 2 and G 2 are the Fourier-space Eulerian kernels for second-order density contrast and velocity respectively [5, 19] ;
where F is a second-order growth factor, which is given by the growing mode solution of,
In an Einstein-de Sitter background, F = 3D 2 /7, which is a very good approximation for ΛCDM which we use here. Kernel Z 2 incorporates contributions from second-order redshift space distortions [13, 18] ,
Finally, S 2 (k 1 , k 2 ) is the kernel for the tidal bias,
The Newtonian bias model is
where s 2 = s ij s ij , and
The relativistic part of the second order kernel was first derived in [4] in the simplest case and extended in [5] [6] [7] . Neglecting sub-dominant vector and tensor contributions, we have
We have collected terms according to the overall powers of k involved. The β i here are redshift-dependent coefficients, given in full in appendix A, which updates expressions in previous papers. We have defined the kernel E 2 which scales as k 0 (like F 2 and G 2 do),
which incorporates some of the relativistic dynamical corrections to the intrinsic second-order terms. At second order, the GR correction to the Newtonian bias model (13) is given by [20] ,
where the last term maintains gauge invariance on ultra-large scales, and is given by (using δ
Then, we also need to transform δ (2) gC to the Poisson gauge δ (2) g , the expression for this is given in [5] ,
All of these corrections are included in equation (14) .
III. EXTRACTING THE MULTIPOLES
Our goal is to extract the spherical harmonic multipoles of B g with respect to the observer's line of sight. That is, for a fixed line of sight and triangle shape, the rotation of the plane of the triangle about n generates invariant moments, the sum of which add up to the full bispectrum. This means that
where we follow [13, 14] in our choice of decomposition of the bispectrum (an alternative basis can be found in [21] ).
To define the B m we need to define an orientation for the Y m to give the polar and azimuthal angles over which to integrate. We choose a coordinate basis for the vectors that span the triangle as follows:
n = (sin θ 1 cos ϕ, sin θ 1 sin ϕ, cos θ 1 ) .
That is, we fix k 1 along the z-axis, and require the other triangle vectors to lie in the y-z plane, see figure 1 for a sketch of the relevant vectors. Then we define µ 1 = cos θ 1 and use ϕ, which is the azimuthal angle giving the orientation of the triangle relative to n. θ 12 = θ is the angle between vectors k 1 and k 2 , and we define µ = cos θ = k 1 · k 2 . The bispectrum can then be expressed in terms of five variables, ϕ, µ 1 , θ, k 1 and k 2 , by using
Then
where we use standard orthonormal spherical harmonics,
where the P m are the associated Legendre polynomials,
At this stage we can extract the multipoles numerically once a bias model and cosmological parameters are given. It is actually significantly quicker to perform this extraction algebraically however, as we now explain. The bispectrum in general can be considered as a function of k 1 , k 2 , k 3 , µ, µ 1 , µ 2 , µ 3 and ϕ. An alternative to the expansion (26) is
where we used µ 2 instead of ϕ and a, b = 0 . . . 6. This factors out all the angular dependence from the functions B ab (µ, k 1 , k 2 ), where µ = cos θ, which just depend on the triangle shape (and the cosmology). Note that by explicitly including factors of i in the sum, we have only real coefficients B ab . Schematically we can visualise B ab in matrix form, split into Newtonian and relativistic contributions as (a bullet denotes a non-zero entry, open circles denote zero entries, and dots are non-existent entries; here that means a + b > 8):
(Note that the matrix row and column labelling start at a, b = 0, 0 for the top left element.) Thus, the Newtonian contributions always have a + b = even ≤ 8, contributing only to the real part of B g , while there are relativistic contributions present for all a + b ≤ 7. When a + b is odd, this implies an imaginary component to the full bispectrum.
In terms of the powers of H/k involved, we can visualise the maximum powers that appear in matrix form as follows:
As in the matrix (30), the matrix row and column labelling in (31) starts at (a, b) = (0, 0). We see that higher powers n of (H/k) n appear for lower a + b. Newtonian contributions are all (H/k) 0 . Each element has only odd powers of H/k if a + b is odd, and similarly only even powers if a + b is even.
The advantage of writing the bispectrum in this form is that we can derive analytic formulas for the multipoles. We need to find
To do this we use the identity, derived in appendix B,
for m ≤ b and zero otherwise. The resulting expressions for B m are rather massive, in part because the cyclic permutations become mixed together, so we do not present them here. We can visualise these in matrix form split into their Newtonian and relativistic contributions:
(34)
Again, the matrix indices start at (0, 0) in the top left, ( , m) = (0, 0). In the matrix (34), consistent with previous matrix visualisations, a closed bullet represents a non-zero entry, while an open circle denotes a vanishing entry. The dots denote the non-existent elements of the matrix, here they are matrix elements where m > and hence do not exist. So, the Newtonian bispectrum only induces even multipoles up to and including = 8, while the relativistic part induces even and odd multipoles up to = 7. Both the Newtonian and the relativistic part terminate at m = ±6, because m ≤ b ≤ 6, as can be seen from (33). Note also that there is an azimuthal symmetry B ,−m = B ,m . In terms of (H/k) powers, the highest that appear for each is (H/k) 8− , while the leading contribution is (H/k) 0 or 1 if the leading contribution is Newtonian or relativistic. These powers are even (odd) if is even (odd), as explained previously along with the visualisation of the powers H/k in equation (31).
A. Presentation of the matrix B ab
Here we describe in more detail how to calculate the matrix of coefficients B ab . These are far too large to write down, but most of the complexity comes from the k i permutations and the fact that they are made irreducible from substituting for µ 3 . However, the core part can be shown from which they can easily be calculated. First we note that once µ 3 is substituted for, we can write the first cyclic permutation of the product of the kernels as
where
is a set of real µ-independent coefficients which we give below. Given K 123 we can derive the permutations K 321 and K 312 as
Given these, the full bispectrum is just B g = K 123 P 1 P 2 + 2 permutations, but now explicitly written in terms of sums over powers of µ 1 , µ 2 . From this B ab can be found by inspection. Note that for this permutation, the dimensions of the matrix K ab only goes up to a, b = 5, where as above for the full bispectrum (29), these sums go up to a, b = 6. This difference in dimension originates from the other cyclic permutations being added, where one substitutes
In (36) the largest power of µ 2 is 6, and (37) has the largest power of µ 1 as 6.
To present K ab (k 1 , k 2 , k 3 ) we will show powers of H/k separately, and write
where n represents the power of H/k. Then the Newtonian and leading GR correction part look like (again, a bullet denotes a non-zero entry)
Similarly, the leading GR correction O(H/k) coefficients are,
The remaining matrices are of the form
Their coefficients are extracted in similar fashion, and can be found in full in appendix C.
IV. ANALYSIS
Here we present an analysis of the behaviour of the multipoles.
A.
Co-linear, squeezed and equilateral limits
To help understand further the multipoles we can evaluate their equilateral (k 1 = k 2 = k 3 ), co-linear (θ = 0 or θ = π) and squeezed limits analytically. Non-zero co-linear multipoles exist only for m = 0 components. This is the one limit that is easy to evaluate by hand -it follows directly from (33). The equilateral case is significantly more complicated to evaluate. Non-zero equilateral multipoles exist for all even m, for any , the one exception being the m = 0 part of the dipole, for which the equilateral configuration is identically zero. These are summarised in Fig. 2 , together with the powers of k which appear in each multipole. The squeezed limit was explicitly evaluated in [8] for the leading O(H/k L ) contribution, where k L is the long mode, which we expand further here. The leading corrections in the even multipoles require us going beyond leading order O(H/k L ) in the squeezed limit. We let
to write the wavenumber in terms of the short mode k S k L , which implies
(76)
We then take the limit as → 0 with the short mode k S fixed, and keep only the leading terms in H/k L , neglecting factors of H/k S and P (k S ) 2 . For each multipole we are then left with the squeezed limit as a polynomial in H/k L . The leading contributions are:
Here, the matrices represent the , m values from = 0, m = 0 (top left entry). We see that the Newtonian part has non-zero squeezed limits for some even m, terminating at m = 4. GR corrections come in up to m = 3 for ≤ 7. For odd m these contributions come in for the leading terms O(H/k), while for m even the order is lower, O((H/k) 2 ). Note that we assume primordial Gaussianity. In the presence of primordial non-Gaussianity, the squeezed limit has higher powers of H/k.
B. Numerical results
Here we present a numerical analysis of the multipoles of the galaxy bispectrum. We use three different survey models, two of which are appropriate for future surveys; i.e. SKA HI intensity mapping, and a Stage IV Hα spectroscopic galaxy survey similar to Euclid. The third model we consider is a simplified 'toy model' for illustrative purposes. The parameters we use are introduced below.
Evolution and magnification bias are defined as [22] ,
where n g is the comoving galaxy number density, L the luminosity, and | c denotes evaluation at the flux cut. For an HI intensity mapping survey, we estimate the bias from the halo model following [23] . This yields the following fitting formulae for first and second order bias,
For the tidal bias, we assume zero initial tidal bias which relates b s 2 to b 1 as,
so that,
The HI intensity mapping evolution bias is given by the background HI brightness temperature [24] ,
whereT HI is given by the fitting formula, T HI (z) = (5.5919 + 23.242z − 2.4136z 2 ) × 10 −2 mK.
The effective magnification bias for HI intensity mapping is [24] Q HI = 1.0 ,
and clustering bias is independent of luminosity,
We consider a Stage IV Hα spectroscopic survey similar to Euclid, and use the clustering biases given in [9] , b Hα 1 (z) = 0.9 + 0.4z,
b Hα
The magnification bias and evolution bias are [9] ,
where α = −1.35, Γ is the upper incomplete gamma function, Φ * is given in [9] and y c (z) = χ(z)/ 2.97h × 10 3 (Mpc/h) 2 . Table 1 in [9] summarises the numerical values of the bias parameters discussed above. Finally, we follow [9] and take ∂b Hα
For the simple model of galaxy bias, we use
b e = 0, (96) Q = 0.
(97)
For cosmological parameters we use Planck 2018 [25] , giving the best-fit parameters h = 0.6766, Ω m0 = 0.3111, Ω b0 h 2 = 0.02242, Ω c0 h 2 = 0.11933, n s = 0.9665, γ = 0.545. The linear matter power spectrum is calculated using CAMB [26] .
We examine numerically three different triangular configurations, the squeezed, co-linear, and equilateral triangles, as a function of triangle size. For our numerical analysis, we choose a moderately squeezed triangle shape with θ ≈ 178 • , which corresponds to k 3 = k, k 1 = k 2 = 28k (such that long mode k 3 is the reference wavevector, and the other vectors are defined in relation to the long mode). For the co-linear case, we use flattened isosceles triangles with θ ≈ 2.3 • , corresponding to k 3 = k, k 1 = k 2 = 0.5001k. All plots are at redshift z = 1, with the exception of figure 9, where we look at the amplitude as a function of redshift.
Firstly, we consider the total amplitude of the different multipoles with respect to the Newtonian monopole, plotting the total power contained in each of the multipoles and normalising by the Newtonian monopole of the galaxy bispectrum,
We present this for all multipoles = 0 . . . 8 and separately for each of the triangle shapes introduced above (i.e. fixing triangle shape, and varying size by varying k), as well as for both bias models which are relevant for future surveys. The results can be viewed in figures 3, 4 and 5.
We have created colour-intensity plots to give an overview of the relative amplitudes of the first few multipoles of the galaxy bispectrum, = 0 . . . 3. Since B ,m = B ,−m , we do not show plots for negative m. These as well are done for both HI intensity mapping bias and Hα bias. The results are shown in figures 6 and 7 for the Euclid-like survey and for SKA intensity mapping respectively.
To further investigate the dependence on triangle shape we investigate the reduced bispectrum. We define the reduced bispectrum as
where P 0 is the monopole of the galaxy power spectrum,
with the galaxy power spectrum P g (k) = (b 1 +f µ 2 ) 2 P , P being the linear dark matter power spectrum. (An alternative definition would be to use the relativistic galaxy power spectrum which would induce small changes O((H/k) 2 ) on Hubble scales.) The reduced bispectrum Q is hence dependent on magnitude of wavevectors k 1 and k 2 , and the angle between these (π − θ). We fix k 1 = 0.1 Mpc −1 and k 1 = 0.01 Mpc −1 , and use differently coloured lines to indicate the ratio of k 2 /k 1 , which ranges from isosceles triangles in which k 1 = k 2 , to k 2 /k 1 = 4.5. The angle θ ranges from [0, π], except for the isosceles shape, for which we stop at θ = π − 0.01 (for k 1 = 0.1 Mpc −1 ), and at θ = π − 0.02 (for k 1 = 0.01 Mpc −1 ). The reason for this is the inclusion of relativistic H/k contributions, which cause unobservable divergences as k → 0, occurring here for the isosceles shape when the angle between k 1 and k 2 goes to π and k 3 → 0. The bias used is again that for the Euclid-like Hα spectroscopic survey. Results are in figure 8 . The layout is similar to figures 6 and 7, with = 0 . . . 3 plotted. Once again, negative m are not shown.
Lastly, we fix triangle shape and size, and plot the relative total power (as defined in (98)) as a function of redshift, where redshift ranges from z = 0.1 . . . 2.0. This is done for the toy model for bias only. The three panels in figure 9 show the results for = 0 . . . 3, for each of the three wavevector triangles discussed earlier; equilateral, squeezed and flattened shapes. Solid and dashed lines indicate the relative total power for k 1 = 0.1 Mpc −1 and k 1 = 0.01 Mpc −1 respectively. Bias model used is that for Hα/Euclid-like survey. k 1 is kept fixed, the value of which is given alongside the plot, and the x and y axes vary respectively k 3 and k 2 with respect to the fixed k 1 . The upper left corner of the wedge shape is the squeezed limit, the upper right corner is the equilateral configuration, and the lower corner is the co-linear configuration. Note the difference in range of the colour bars. Figures 3,4 and 5 show the amplitude of the total power contained in all orientations per multipole divided by the amplitude of the newtonian monopole. The red lines denote odd multipoles of the relativistic bispectrum are purely relativistic signals. For smaller scales or larger wavenumber k, the Newtonian contributions are generally larger than the relativistic B , however at larger scales above equality the relative power contained in relativistic contributions increases, showing up as divergence from the dotted (purely Newtonian) lines for even multipoles, and an increase in amplitude of the odd lines, which at the largest scales become larger than the purely Newtonian signal (dependent on bias model and triangular configuration).
The colour-intensity maps in figures 6 and 7 show the amplitude of the relativistic bispectrum over the k 3 /k 1 , k 2 /k 1 plane. The amplitude of the bispectrum signal peaks in the squeezed limit where k 1 = k 2 , k 3 → 0. The odd multipoles = 1 and = 3 here are purely relativistic signals, where the amplitude of the dipole is higher than the = 3 signals. The amplitude of the relativistic bispectrum is also higher for the larger scales (smaller k), as expected. For = 1, the equilateral configuration, which is the upper right corner of the wedge shapes, is vanishing as established previously analytically. It can be seen that they are coloured according to the lower cutoff on the colour bar (dark blue/purple). We can also observe from these plots that there is a rough trend that more power is contained in the lower m multipoles.
The reduced bispectrum is plotted in figure 8 , showing large relativistic contributions to the bispectrum oddmultipoles especially at large scales.
Finally figure 9 shows the total power divided by the Newtonian monopole, as a function of redshift. The model for bias used here is not physically realistic, but this is for illustrative purposes only. It is interesting to observe how, when going towards lower redshift, the power in the relativistic corrections to the bispectrum grows compared to the Newtonian signal. This is especially noticeable in squeezed and flattened shapes where the dipole approaches or surpasses the = 2 line. Of course, at low redshift the approximations we have made will start to break down.
V. CONCLUSION
We have considered in detail for the first time the multipole decomposition of the observed relativistic galaxy bispectrum. We have shown how the multipoles may be derived analytically, and have illustrated how they behave in the squeezed, equilateral and co-linear limits (which includes the flattened case). We have shown how the amplitude of the relativistic signals behaves for two types of upcoming surveys -a Euclid-like galaxy survey, and an SKA intensity mapping survey. Our key findings are: odd multipoles: Relativistic effects generate a hierarchy of odd multipoles which are absent in the Newtonian picture, plus an additional contribution to all multipoles up to = 7. In particular we find that the octopole is similar in amplitude to the dipole, and these are both larger than the Newtonian hexadecapole on large scales. Higher multipoles are suppressed.
powers of k: The leading power of the relativistic correction in each harmonic is (H/k) 1 for odd multipoles and (H/k) 2 , for even multipoles. Furthermore, all odd multipoles contain the leading (H/k) correction while only lower values of contain powers of (H/k) higher than that (though these are probably unobservable).
special limits: the co-linear case (θ = 0 or π) only generates non-zero m = 0 multipoles. The equilateral case is always zero for m odd and always for the special case of the dipole. For the squeezed limit we have leading (H/k) relativistic corrections for and m ≤ 3 odd. multipoles with shape: We computed the amplitude of each , m over the range of triangle shapes. For each most of the power is contained in the lower m multipoles.
multipoles with scale: We analysed the total power in each multipole as a function of scale for 3 triangle shapes at z = 1. Roughly speaking the even-are dominated by the Newtonian part and have little scale dependence relative to the Newtonian monopole, though this changes approaching the Hubble scale. For odd-the leading relativistic part dominates and the dipole reaches the size of the Newtonian quadrupole around equality scales, while the octopole is only about a factor of 5 or so smaller than the dipole.
redshift dependence: Relative to the monopole, all the relativistic multipoles decay with redshift, while the quadrupole is roughly constant. For large squeezed triangles the dipole is comparable in size to the quadrupole for small redshift.
Of course, the analysis here is limited by the fact we have neglected wide angle effects which will alter the multipoles. Integrated effects will also contribute, but their effect will be suppressed when we analyse the multipoles. We leave these contributions for future work.
Appendix A: Beta coefficients
Here we list the time and bias dependent coefficients appearing in the relativistic second-order kernel.
Plugging this into the integral to get,
In what follows will drop the subscript on µ 1 = µ for convenience. The complex conjugate of the standard orthonormal spherical harmonics used here is defined through
and hence can easily be split into two parts, where the associated Legendre polynomials P m can be expressed as P m (µ) = (−1) m (1 − µ 2 ) m/2 d m dµ m P (µ), i.e. as full derivatives of the Legendre polynomials. These in turn can be expressed as a sum P (µ) = 2 h=0 µ h 1 2 ( +h−1) . Plugging in,
where m ≥ h, so that above result may be written as
Evaluating the other integral 
The Kronecker δ picks out one of the terms in the sum, g − m − 2n = 0 → n = g−m 2 , so
if g − m is even, in which case (−1)
2π,
for g + m even, zero otherwise.
Putting the results from both integrals together,
2π .
Simplifying,
collecting terms and after cancellations,
having used Γ(n) = (n−1)! to rewrite the gamma functions in terms of factorials, that this is non-zero only if 1 2 (g −m) is even, and that (−1) w = 1 if w is even. The final analytic expression hence is,
. (B14)
ab kernel coefficients
Here we present the higher order H/k kernels for the first of the cyclic permutations. It is worth noting that these cannot be exacly manipulated to obtain the coefficients for the other two cyclic permutations, since making the replacements µ 1 → µ 2 , µ 3 introduces additional powers of µ i , giving rise to slightly different coefficients K ab . It is however easy enough to extract the coefficients for these permutations following the same method. Below we focus on only the first of the cyclic permutations, that is, the 123 permutation, as outlined before. Schematic representations of the higher order Newtonian and GR kernels are given, along with their corresponding coefficients. Like before, for brevity we use shorthand notations; F = F 2 (k 1 , k 2 ), G = G 2 (k 1 , k 2 ), and S = S 2 (k 1 , k 2 ). Superscript n on K (n) ab denotes the power (H/k) n .
with coefficients, K 
